Abstract. We introduce and we study a class of odd dimensional compact complex manifolds whose Hodge structure in middle dimension looks like that of a Calabi-Yau threefold. We construct several series of interesting examples from rational homogeneous spaces with special properties.
Introduction
If we think, quite naively, to mirror symmetry as a kind of mysterious process exchanging families of Calabi-Yau threefolds in such a way that the Hodge diamond rotates by a quarter-turn, an obvious difficulty arises for rigid Calabi-Yau's: their mirrors could not be Kähler! The solution given to that issue in [CDP, Sch] was to describe the mirror of certain rigid Calabi-Yau threefolds as families of higher dimensional manifolds of a very special kind. In particular, these mirror manifolds have odd dimension 2n + 1 and their Hodge structure in middle dimension looks like that of a Calabi-Yau threefold, in the sense that the only non-zero Hodge numbers are h n−1,n+2 = h n+2,n−1 = 1 and h n,n+1 = h n+1,n . This is precisely the kind of manifolds that we study in this paper, with the idea that, under some conditions that will be made more precise below, these manifolds of Calabi-Yau type should share some of the very nice properties of Calabi-Yau threefolds. The definition that we will use may not exactly be the correct one and we consider it as provisional. Our main general result will be that for a manifold of Calabi-Yau type with non-obstructed deformations, it implies that the relative intermediate Jacobian forms an integrable system over the gauged moduli space -a result due to Donagi and Markman for Calabi-Yau threefolds. The period map also has a very similar behavior to the Calabi-Yau setting. Related homological properties are explored in [IK] , where it is proved that one can extend at least to certain Fano manifolds of Calabi-Yau type, the celebrated result of Voisin according to which the Griffiths group of a Calabi-Yau threefold cannot be finitely generated.
But the main goal of the present paper is to construct examples of manifolds of Calabi-Yau type, which will all be Fano's. Our main source of examples will be complete intersections in homogeneous spaces: we will show that, for such a construction to work, one needs strong numerical coincidences, notably between the dimension and the index of the ambient homogeneous space. These coincidences are observed in some cases. Notably, we construct interesting examples as quadratic sections of homogeneous spaces that are Mukai varieties of even dimension (Proposition 3.3), while for Mukai varieties of odd dimension we need to take double covers branched over quadratic sections (Proposition 3.6) .
But our most intriguing series of examples is constructed from homogeneous spaces with the property that their projective dual is a hypersurface of degree equal to the coindex minus one (the coindex of a Fano manifold being defined as the dimension minus the index). We are aware of four cases for which this strange coincidence can be observed, and we show that suitable linear sections provide examples of Fano manifolds with the required Hodge numbers. In fact we can really conclude that they are of Calabi-Yau type only in half of the cases; for the two others there remains a tedious computation to be done, but we have no doubt about the fact that the final conclusion should be positive. In each case, we would conclude that a certain type of hypersurfaces can be, generically, represented as a linear section of the dual hypersurface to our homogeneous space, in a finite number of ways. For example, a generic cubic sevenfold can be represented as a linear section of the famous Cartan cubic, the E 6 -invariant hypersurface in P 26 , in a finite number of different ways. This has interesting consequences for its derived category, as we show in [IM2] where this example in studied in more details.
It would be interesting to find out more examples of Fano manifolds of Calabi-Yau type. A possible strategy would be to start from rigid CalabiYau threefolds and try to identify their mirrors systematically. We expect that these varieties will exhibit a rich and interesting geometry.
Definition and first properties
We start with our main definition.
Definition 2.1. Let X be a smooth complex compact variety of odd dimension 2n + 1, n ≥ 1. We call X a manifold of Calabi-Yau type if
(1) The middle dimensional Hodge structure is numerically similar to that of a Calabi-Yau threefold, that is h n+2,n−1 (X) = 1, and h n+p+1,n−p (X) = 0 f or p ≥ 2.
(2) For any generator ω ∈ H n+2,n−1 (X), the contraction map
A Calabi-Yau threefold is of course a manifold of Calabi-Yau type. The definition may not be the optimal one, since in particular, even in dimension three, there exist manifolds of Calabi-Yau type which are not Calabi-Yau stricto sensu. Also, the condition of being a manifold of Calabi-Yau type is clearly invariant under small deformations but probably not under arbitrary deformations, contrary to being Calabi-Yau.
Rather, our main motivation is to find interesting examples of manifolds of Calabi-Yau type, and to investigate their geometry. In many respects they will behave like Calabi-Yau threefolds, and sometimes the examples we will meet will be related, in a rather non trivial way, to Calabi-Yau threefolds. Sometimes we will observe interesting differences of behavior.
Deformations of Calabi-Yau manifolds are always unobstructed, as follows from the celebrated Tian-Todorov theorem. We don't know whether this always remains true for manifolds of Calabi-Yau type. (Actually all the concrete examples that we deal with are Fano, hence have unobstructed deformations.) Nevertheless, our first observation is that versal deformations of manifolds of Calabi-Yau type give rise, exactly as families of Calabi-Yau threefolds do, to some beautiful integrable systems.
Consider a versal family π : X → B of manifolds of Calabi-Yau type, with special fiber X. We suppose that the base B is identified with an open subset of H 1 (X, T X). Since h n+p+1,n−p (X) = 0 for p ≥ 2, the line bundle R n−1 π * Ω n+2 X /B over B is holomorphic, and the complement B * of the zero section, with the pull-back X * of X , defines the family of gauged manifolds of Calabi-Yau type.
Recall that the intermediate Jacobian of X is the complex torus
Since X is of Calabi-Yau type, the dimension of J(X) is h n+1,n (X) + 1 = h 1 (T X) + 1 = dim B * . Globalizing the construction, we get a torus bundle, the relative intermediate Jacobian
The theorem proved by Donagi and Markman for Calabi-Yau threefolds [DM] can be extended to our generalized setting:
Theorem 2.2. The torus fibration J (X /B) −→ B * defines a completely integrable Hamiltonian system.
Proof. The proof of the Theorem for Calabi-Yau threefolds is easy to extend to our setting. The main observation is that the tangent exact sequence of the C * -bundle B * → B can be identified with the Hodge filtration of H 2n+1 (X * /B * , C). More precisely there is a commutative diagram
where the vertical maps are all isomorphisms. In particular the middle one is given by the differential of ω (considered as a section on X * of the holomorphic bundle F n+2 H 2n+1 (X * /B * , C)), by the Gauss-Manin connection: this yields, by Griffiths' transversality, a map
which must be an isomorphism since its two graded parts are. This observation yields a global identification between the cotangent bundle of X * and the dual of the Hodge bundle F n+1 H 2n+1 (X * /B * , C). Now Ω X * has a canonical symplectic structure. We need to check that it descends to the torus fibration J (X /B), which is just a quotient by the relative lattice defined by locally constant (n + 1)-cycles. So there remains to verify that such a locally constant cycle, say γ, when considered as a one-form on X * , is closed. But the argument of Donagi-Markman, which consists in constructing a local primitive by integrating ω over γ, adapts mutatis mutandis.
Remark. This implies the existence of a special Kähler structure on the base, with an extremely rich geometry [Fr] .
The existence of that integrable system is related to that of a certain cubic form on the base manifold, which in the usual Calabi-Yau setting is the famous Yukawa cubic. The Yukawa cubic is defined, for a gauged Calabi-Yau threefold (X, ω), by the composition
where SD denotes Serre duality. In our generalized setting, this construction can be extended as follows. First consider the natural map ∧ n−1 T X ⊗ ∧ n−1 T X → ∧ 2n−2 T X, which is symmetric if n is odd and skew-symmetric if n is even. Twisting by ω 2 X we get a map Ω n+2 X
⊗ Ω n+2 X
→ Ω 3 X ⊗ ω X with the same parity. We get an induced map (always symmetric, since the cup-product has the same parity as the degree, here n − 1)
sending the square of a generator ω of H n−1 (X, Ω n+2 X ) to an element s(ω) of H 2n−2 (X, Ω 3 X ⊗ ω X ). We can then define a map
which is our generalized cubic at the point of B * defined by the gauged manifold of Calabi-Yau type (X, ω).
For a slightly different view-point, consider the period map
defined once the family X → B has been trivialized (in the differentiable category). The same proof as in the usual Calabi-Yau setting leads to the following statement: Moreover, its image is a pointed cone in H 2n+1 (X 0 , C), which is Lagrangian relatively to the symplectic structure defined by the intersection product.
It would be interesting to investigate under which conditions a Frobenius structure can be defined from our generalized Yukawa cubic. We know from [CDP] that everything works fine for one of the most interesting examples of manifolds of Calabi-Yau type, the cubic sevenfold. Is there any chance to extend this to other examples? One can make a first step in this direction by mimicking the proof of Proposition 3.3 in [Vo] , which allows one to prove that:
in such a way that the Yukawa cubic
is defined by the derivatives of some potential F on B.
Understanding under which conditions this potential would satisfy the WDVV equation seems to be a very difficult problem, but the question is posed: could there be a version of mirror symmetry for (some) manifolds of Calabi-Yau type?
3. Complete intersections of Calabi-Yau type 3.1. Hodge numbers of complete intersections. In this section we review well-known results about the cohomology of complete intersections in weighted projective spaces. Let us begin with a degree d hypersurface X d ⊂ wP n , where w = (w 0 , . . . , w n ) is the set of weights defining the weighted projective space wP n .
The usual projective space P n corresponds to w = (1, . . . , 1). In that case, it is well known that the primitive cohomology of X d can be expressed in terms of the Jacobian ring
where F denotes an equation of X d . In fact there exists a general relation of that kind for any quasi-smooth hypersurface X d ⊂ wP n , which is due to Steenbrink [St] :
where |w| = w 0 + · · · + w n and R k denotes the degree k component of R, with respect to the natural grading defined by deg(
An obvious consequence is that if d divides |w|, that is, |w| = (p + 1)d form some p, then
In particular, if n = 2m is even and |w| = (m − 1)d, the primitive cohomology of X d defines a Hodge structure of the same type as that of a Calabi-Yau threefold. We find a short list of smooth examples in dimension n − 1 ≥ 4:
1 9 3 84 cubic sevenfold 5 1 7 2, 3 83 cubic section of Q 6 5 1 6 , 2 4 90 double quartic fivefold
We will meet again the cubic sevenfolds later on. They will be investigated in a more systematic way in [IM2] .
3.2. A technical lemma. We would like to generalize the previous examples and show that certain low degree hypersurfaces in homogeneous spaces are of Calabi-Yau type.
The general set-up would be the following. Suppose that Σ is a Fano variety of dimension d Σ , with −K Σ = ιL for some ample line bundle L. Suppose moreover that L is generated by global sections and consider the zero-locus X of a general section of L. Its dimension is of course d X = d Σ − 1, and −K X = (ι − 1)L |X . The proof of our next technical lemma is a rather standard play with long exact sequences. It is essentially an application of Griffiths' techniques, for the computation of Hodge structures of hypersurfaces [Gr, Vo] .
(1) Suppose that for 0 ≤ k < p < ι,
Then h ι+2,ι−1 (X) = 1. (3) Suppose moreover that for 2 ≤ k ≤ ι and ǫ, ǫ ′ ∈ {0, 1},
Then X is a manifold of Calabi-Yau type.
Proof. Use the conormal sequence of the pair (X, Σ). Its p-th wedge power is the complex
|X ) = 0 for all k from 0 to p. Our first claim follows.
For p = ι − 1, our hypothesis imply that
which was our second claim. Finally, for p = ι the hypothesis we made are such that we get a complex
|X ). Using Serre duality, we get the dual complex
But the cokernel of the first arrow is precisely H 1 (X, T X), at least if we have H 1 (X, T Σ |X ) = 0 or, by Serre duality again,
This follows from (3).
Of course we can easily imagine variants if this lemma for complete intersections, or even more generally, for zero-loci of global sections of vector bundles. For the construction to work, we need a huge number of vanishing conditions on the ambient variety Σ, and it is not so clear a priori that we can find any example that way. We have been able to find some under the hypothesis that Σ is a homogeneous space.
3.3. Linear sections of homogeneous spaces. Suppose that Σ is a rational homogeneous variety, and that ι = ι Σ is equal to its index. In particular we require that the dimension of Σ is d Σ = 2ι Σ + 2. There is a short list of suitable examples: Proof. We check case by case that the vanishing conditions of Lemma 3.1 do hold. For Grassmannians this requires the diagrammatic methods first developed in [Sn] .
3.4. Quadratic sections of homogeneous spaces. Now suppose that Σ is again a rational homogeneous variety of even index ι Σ , and let ι = ι Σ /2. In this table we have denoted by IG(k, 2n) the symplectic Grassmannian, parametrizing isotropic k-dimensional subspaces of a 2n-dimensional vector space endowed with a non-degenerate skew-symmetric form. When k = n we rather use the notation LG(n, 2n) and call this variety the Lagrangian Grassmannian. Similarly, S 2n denotes the spinor variety, which parametrizes one of the two families of isotropic n-dimensional subspaces of a 2n-dimensional vector space endowed with a non-degenerate quadratic form. The terminology comes from the fact that the minimal equivariant embedding of this variety is inside a projectivized half-spin representation -a quadratic Veronese is required in order to recover the Plücker embedding. Finally, the adjoint variety G ad 2 denotes the closed G 2 -orbit inside the projectivized adjoint representation. Proof. Again we need to check, case by case, the conditions of Lemma 3.1. Let us treat in some detail the case of S 10 , which is the most complicated one. Here X is nine dimensional, and the claim is that its middle dimensional Hodge numbers are
Let E denote the tautological rank five vector bundle on Σ = S 10 . The cotangent bundle of Σ is Ω 1 Σ ≃ ∧ 2 E. In higher degree, the bundle Ω p Σ of p-forms can have several components, which are Schur powers of E obtained as follows. Let a = (a 0 > a 1 > · · · > a m ) be a decreasing sequence of integers, whose sum is equal to p. Define the sequence
Then by the results of [Ko] ,
is the direct sum of the Schur powers S λ(a) E. Note that since E has rank five, the number of non zero components of λ(a) must not exceed five, which means that a 0 − a m ≤ 4.
Bott's theorem allows to compute the cohomology groups of a Schur power S λ E of the tautological bundle, for λ = (λ 1 , . . . , λ 5 ) a non increasing sequence of non negative numbers. The rule is the following. Suppose that there exists a pair (i, j) of distinct indices such that λ i + λ j = i + j − 2. Then S λ E is acyclic. Otherwise, let q be the number of pairs such that λ i + λ j > i + j − 2. Then S λ E has a unique non-zero cohomology group, that of degree q.
Applying these rules, it is easy to check the following statement.
Lemma 3.4. The following bundles of twisted forms on Σ are acyclic:
and Ω 2 Σ (−k) have non-zero cohomology groups only in degree dim Σ. And the same is true for Ω 3 Σ (−k) and
This is precisely what we need in order to apply Lemma 3.1.
3.5. A quasi-homogeneous Mukai variety. Consider a hyperplane section Θ of the Lagrangian Grassmannian LG(3, 6). This is a five dimensional variety of index three.
Proposition 3.5. The variety Θ has the following properties:
(1) it is a quasi-homogeneous P SL 3 -variety; (2) its non-zero Hodge numbers are h p,p (Θ) = 1, 1 ≤ p ≤ 5; (3) it is a minimal compactification of C 5 ; (4) it is rigid.
Proof. Consider the Lagrangian Grassmannian LG(3, 6) in its minimal homogeneous embedding PV = P 13 . The orbit structure of Sp 6 in PV is well-known, in particular it is prehomogeneous: there exists an open orbit, and the generic stabilizer is P SL 3 (up to a finite group). Since V is selfdual, we conclude that the general hyperplane section Θ is rigid and admits a P SL 3 -action.
An explicit computation shows that P SL 3 has four orbits in Θ. This can be seen as follows. The Lagrangian Grassmannian LG(3, 6) is known to be one of the few homogeneous varieties with one apparent double point. This means that a general point of PV belongs to a unique secant xy, where x and y represent two generic isotropic planes. The orbits in Θ are then determined by the relative position with respect to x and y, that is, by the dimensions of these intersections. These can be (0, 0) (the generic case, giving the open orbit), (1, 1) (a hyperplane section), (2, 1) or (1, 2) (two Veronese surfaces).
The computation of the Hodge numbers is straightforward. Finally, it is easy to check that a maximal torus in P SL 3 has a finite number of fixed points in Θ. The Byalinicki-Birula decomposition [BB] then ensures that Θ is a compactification of C 5 , and it is clearly minimal.
3.6. Double coverings. Consider a double covering Y → Σ, branched over a smooth hypersurface X of Σ, of degree 2d. The Hodge numbers of Y can be computed in terms of the pair (Σ, X) as follows [Cy] :
denotes the vector bundle of logarithmic p-forms on Σ with simple poles at most on X. There is an exact sequence
Suppose that Σ is homogeneous of odd dimension n = 2m + 1. In particular the Hodge structure of Σ is pure and we get h p,q (Σ) = 0 for p + q = n.
, which can be computed by considering a long exact sequence like in the proof of Lemma 3.1. Under favorable circumstances, we expect to derive that
If we let d = 1, this means that Σ is a Mukai variety. If we let Σ be homogeneous, or the quasi-homogeneous Mukai variety of the previous section, we check that the expected vanishing theorems do hold and we arrive at the following conclusion.
Proposition 3.6. Let Y → Σ be a double covering of a homogeneous or quasi-homogeneous Mukai variety of odd dimension, branched over a smooth quadric section. Then Y is a Fano manifold of Calabi-Yau type.
3.7. The Cayley trick. Let X ⊂ P N be a complete intersection of multidegree (d 1 , . . . , d m ), where none of these degrees equals one. Let
The equations of X can be considered as a section σ in H 0 (P N , E) ≃ H 0 (P, O E (1)). Hence an associated divisor X ⊂ P , which is smooth when X is smooth. By [Na, Lemma 2.7] , the cohomology of X is essentially the same as that of X, with a shift by 2m − 2 = dim X − dim X in the degrees. Moreover the deformations of X and X are both unobstructed, and
Indeed, the left hand side of (1) is given by the exact sequence
It is easy to check that H 0 (X, T P N |X ) ≃ H 0 (P N , T P N ) = sl N . Moreover, the Koszul complex of the section σ of E defining X shows that H 0 (X, E |X ) is just the cokernel of the natural map
defined by applying an endomorphism of E to the section σ. Similarly, the right hand side of (1) is given by an exact sequence
We have
Moreover, H 0 (X , T P |X ) = H 0 (P, T P ) can be computed through the differential of the projection π from P to X and the description of its kernel, the vertical tangent space T v P , by the relative Euler sequence
We get that H 0 (P, T P ) is the direct sum of H 0 (P, T v P ) and sl N , while H 0 (P, T v P ) ≃ H 0 (P N , End 0 (E)). Since the maps H 0 (P N , End(E)) → H 0 (P N , E) and H 0 (P N , End 0 (E)) → H 0 (P N , E)/Cσ have the same cokernels, the identification (1) follows. We conclude: Here we denoted by OP 2 the so-called Cayley plane, which is the unique Hermitian symmetric space of type E 6 . Recall that the minimal representation of E 6 has dimension 27. They Cayley plane can be obtained as the minimal E 6 -orbit in the projectivization of this representation (or its dual).
For more on the extraordinary properties of this variety, see [IM1] and the references therein.
Recall that the index r is defined by the identity K Σ = −rH, where H is the ample generator of the Picard group of Σ. The coindex is the difference between the dimension and the index.
The last column gives the degree of the dual variety of Σ. Note that this degree is always one less than the coindex, a coincidence that will play a major role below.
Lemma 4.1. Let Σ be as above, with index r and coindex c. Then
Proof. This is a straightforward application of the Borel-Weil-Bott theorem. The details are provided in the Appendix.
4.2.
Relation with projective duality. The explanation for the nonvanishing of Lemma 4.1 is the following. We start by recalling the usual setting of projective duality, which we summarize in the diagram
where we denoted by I ⊂ PV Σ ×PV ∨ Σ the incidence variety, defined as the set of pairs (x, h) with x ∈ Σ and h a hyperplane containing the affine tangent space to Σ at h. The variety Σ ∨ parametrizing tangent hyperplanes to Σ is its projective dual variety. For all the cases we are interested in, the dual variety is non-degenerate, which means that it is a hypersurface whose degree has been computed in the framework of prehomogeneous vector spaces.
Indeed, the variety Σ is the closed orbit of the simple group Aut(Σ) in a (projectivized) prehomogeneous space P(V Σ ) whose orbit structure is known explicitly. Part of the structure is common to all cases: there is of course an open orbit, its complement is an irreducible hypersurface, and this hypersurface contains an orbit closure W Σ whose complement is again a single orbit. This can be observed case by case.
If Σ is the Cayley plane, there are only three orbits in P(V Σ ), the variety Σ itself, its complement in its secant variety, which is a cubic hypersurface, and the complement of this hypersurface. In particular W Σ = Σ in that case. An equation of the E 6 -invariant cubic was first written down by Elie Cartan (in terms of the geometry of the 27 lines on a smooth cubic surface) and we therefore call it the Cartan cubic.
If Σ = S 12 , there are four orbits [Ig] , whose closures are the whole projective space, a quartic hypersurface, Σ itself, and an intermediate codimension seven variety which is our W Σ .
If Σ = G(2, 10), embedded in the projectivization of the space of skewsymmetric forms, there are five orbits determined by the ranks of the forms; the invariant hypersurface is defined by the Pfaffian; W Σ is the space of forms of rank six at most, its codimension is six.
Finally, if Σ = S 14 , there are exactly nine orbits which were first described by Popov [Po] . His results show that W Σ has codimension five.
In each case we expect W Σ to coincide with the singular locus of the invariant hypersurface. At least we know that it contains this singular locus, just because of the orbit structure.
The orbit structure is the same in the dual projective space P(V ∨ Σ ), in particular the invariant hypersurface is the projective dual variety of Σ. We summarize the relevant data in the following statement. We have no explanation, even conjectural, of these curious numerical coincidences.
Lemma 4.2. The projective dual Σ ∨ to Σ is a hypersurface of degree c − 1, whose singular locus has codimension at least r − c + 2.
The following table gives V Σ for each case and the dual hypersurface Σ ∨ .
Since the quotient of V Σ by the affine tangent bundle is the twisted normal bundle N (−1), we have a natural identification I ≃ P(N (−1) ∨ ). Moreover this identification is such that the relative tautological bundle O N (−1) (1) coincides with q * O(1). Now, the duality theorem (see e.g. [GKZ] ) asserts that (Σ ∨ ) ∨ = Σ, and moreover, that the diagram above is symmetric in the sense that I can be defined as parametrizing the tangent hyperplanes to the hypersurface Σ ∨ (at least at smooth points, and then one needs to take the Zariski closure). If we denote by F Σ ∈ Sym c−1 V Σ an equation of Σ ∨ , this means that I can be obtained as the closure of the set of points ([dF Σ (ξ)], [ξ] ), where ξ belongs to the cone over Σ ∨ reg . This means in particular that we have a non-zero section
vanishing precisely over the singular locus of Σ ∨ . Pushing this section forward to Σ, we get a section
Now we can use the normal exact sequence
Taking a suitable wedge power and twist, we get a long exact sequence
A careful check would then allow to conclude that this long exact sequence induces an isomorphism
and the latter is Serre dual to H r+2 (Σ, Ω c−2 − 1) ). In particular, we see that that our non-zero sectionδF Σ induces a non-zero linear form on this one dimensional cohomology group. 4.3. Linear sections. Let X be a general linear section of Σ, of codimension s = r − c + 1. Then X has dimension n = 2c − 1 and index c − 1. The following statement is a special case of a result of Borcea [Bo] : Lemma 4.3. Any small deformation of X is a linear section of Σ.
In particular, the number of moduli for X is the dimension m of the quotient of the Grassmannian G(s, V Σ ) by the simple group Aut(Σ), of dimension δ. The relevant data appear in the table below. Proof. Let us denote by L ⊂ V ∨ Σ the space of linear forms that defines X. Its dimension is s = r − c + 1. We use the conormal sequence
and its wedge powers, for positive integers p,
To check this, we will prove that the other vector bundles involved in the long exact sequence above, are all acyclic. These bundles are the bundles of twisted forms Ω
by Kodaira's vanishing theorem, while by Serre duality
For the remaining terms, we use the Koszul resolution of the structure sheaf of X,
Twisting this long exact sequence by Ω 
For p = c−2 there is a unique non acyclic bundle involved, Ω c−2 Σ (c−r−1): by Lemma 4.1, this bundle has a one-dimensional cohomology group in degree r + 2, but the other cohomology groups vanish. Then the Koszul resolution of O X implies that
Σ (c − r − 1)) = δ q,c+1 C. Finally, for p = c − 1 we find two non-zero cohomology groups for the bundles involved in the complex
Σ (c − r) is acyclic. Then, by the same argument as above, the cohomology of the bundle Ω c−2
On the other hand, the line bundle O X (1 − c) is the canonical bundle of X, and therefore it has non trivial cohomology in degree n = 2c − 1, and only in that degree. Note that Ω c−1
Σ|X also has non-zero cohomology, but only in degree c − 1, fo which we get the same cohomology group as for Ω c−1 Σ . We deduce a long exact sequence
X ) 0 → · · · But note that this long exact sequence has very few non-zero terms, appearing precisely for q = c. Note also that by Hodge symmetry, we already know that H c+1 (X, Ω c−1 X ) = H c (X, Ω c−2 X ) = 0. What remains is the short exact sequence
from which we can easily compute h c,c−1 . And we conclude, as claimed, that h c,c−1 = m.
Remark. In general, if Σ has a non degenerate dual of degree d ≤ n, we could expect
) to be non-zero, and even one-dimensional.
Under favorable circumstances, this should imply that if X is a general linear section of codimension r − d,
4.4. Deformations. Observe that the conclusion of Theorem 4.4 has been obtained by a case by case computation, as a coincidence between two numbers that were computed from quite different, and at first sight, unrelated data.
On one hand, the number m of moduli has been computed as the difference between the dimension of a suitable Grassmannian and that of the automorphism group of Σ. Indeed, H 1 (X, T X) is given by the exact sequence
It is straightforward to check that
the Lie algebra of Aut(Σ),
is the tangent space to the Grassmannian of subspaces of V Σ , at its point defined by L. This tangent space is also the quotient of gl(V Σ ) by the stabilizer of L, hence the identification
On the other hand, the exact sequence (2) shows that
As we have seen, the connection between these two descriptions is provided by the equation F Σ , of degree c − 1, of the dual hypersurface Σ ∨ . We have a natural map from gl(V Σ ) to Sym c−1 V Σ , sending u to
which is an isomorphism if and only if X is of Calabi-Yau type.
This has a modular interpretation: we can associate to X the hypersurface X ∨ = PL ∩ Σ ∨ (which is of course not the projective dual variety of X). By Lemma 4.2, this hypersurface will be smooth of degree c − 1 for a generic L. Moreover, if X ∨ has discrete automorphism group, the quotient Sym c−1 L ∨ /gl(L) can be interpreted as H 1 (X ∨ , T X ∨ ), Otherwise said, the correspondence between X and X ∨ defines a map from the moduli space of linear sections of Σ to the moduli space of degree c − 1 hypersurfaces in P r−c , and the morphism (3) is nothing else than the differential of that map. We deduce: Note that if this is true, we can conclude that a generic hypersurface of degree c − 1 in P r−c can be defined, up to isomorphism, as a linear section of Σ ∨ in a finite (non-zero) number of different ways.
For the quintic threefold, it has already been noticed by Beauville that there exists finitely many Pfaffian representations (see Schreyer's Appendix to [Be] ). Beauville asked how many such representations do exist : in principle the answer is given by some Donaldson-Thomas invariant. We can ask the same question in our three other cases. The case of cubic sevenfolds is treated in [IM2] where we prove that the very same phenomena hold. That's also what we expect for the two remaining cases, which will deserve further investigations.
It is also quite remarkable that we can associate to X either a CalabiYau threefold, or another Fano manifold of Calabi-Yau type, by considering either the dual X ∨ , or a double covering of P r−c , branched over X ∨ . We get the following varieties X * :
double quartic fivefold G(2, 10) ∩ P 40 quintic threefold S 14 ∩ P 59 double octic threefold
The last two varieties are famous examples of Calabi-Yau threefolds. The first two were among our very first examples of Fano manifolds of Calabi-Yau type. They are not Calabi-Yau's stricto sensu but, considered as (compactified) Landau-Ginzburg models, we have seen that they appeared in the litterature as mirrors to certain rigid Calabi-Yau threefolds [CDP, Sch] .
Note that if the resulting map K X → K X * from the base of the Kuranishi family of X, to that of X * , is etale, then we have the same property for the gauged families and we can pull-back the integrable system in intermediate Jacobians of X * and its deformations (see Theorem 2.2). Although we did not check this, it is quite likely that we should recover the integrable system in intermediate Jacobians of X itself and its deformations. In particular the intermediate Jacobians of X and X * should be isomorphic. 4.5. Homological projective duality. We expect that our series of examples of Fano manifolds of Calabi-Yau type should give rise to interesting instances of homological projective duality [Ku2] . More precisely, the derived categories of X and X * should both contain a three-dimensional Calabi-Yau category, say A X ⊂ D b (Coh(X)) and A X * ⊂ D b (Coh(X * )) and there should exist a natural equivalence between A X and A X * .
For X * this was observed by Kuznetsov: 
is obviously exceptional. Kuznetsov proved in [Ku1] , Corollary 4.3, that if d divides n + 2, its left orthogonal A Y is a Calabi-Yau category of dimension n − 2ι Y /d. In particular, for d = 3 and n = 7, we can conclude that A Y is a three-dimensional Calabi-Yau category.
A very similar statement holds for double covers. Suppose that Y is a double-cover of P n branched over a general hypersurface of degree 2d. Then Y is Fano for d ≤ n, and ω
Here, for the same reason as before, the collection
is exceptional. Kuznetsov proved that its orthogonal is, when d divides n+1, The appearance of these three dimensional non-commutative Calabi-Yau's in connection with our manifolds of Calabi-Yau type (but not three dimensional!) is a quite remarkable phenomenon, which would deserve to be better understood.
Appendix: Proof of Lemma 4.1
First observe that, Σ being a Hermitian symmetric space, its cotangent bundle is an irreducible homogeneous bundle. In particular its cohomology groups, and that of its twists as well, can be computed using Bott's theorem. Moreover the same is true for any bundle of p-forms on Σ, since it must split into a direct sum of irreducible homogeneous bundles.
Recall that an irreducible homogeneous vector bundle on a homogeneous space Σ = G/P is defined by an irreducible representation of P , which is in turn defined by its highest weight: some weight λ of G which is P -dominant. We denote the corresponding bundle by E λ . opposite entries, indicating that the corresponding bundle is acyclic. But this is not the case of the first sequence, whose absolute values form a consecutive sequence starting from zero. This implies that the corresponding bundle has a unique non-zero cohomology group, which is one dimensional. It appears in degree equal to the number of pairs of entries of the sequence whose sum is negative; this is twelve and the claim follows.
Third case : Σ = S 14 . Here again Ω 1 Σ = ∧ 2 E, where E denotes the tautological rank seven bundle. The claim is that H 14 (Σ, Ω 7 Σ (−4)) = C. The decomposition of Ω 7 Σ into irreducible components is Ω 7 Σ = S 6221111 E ⊕ S 5322110 E ⊕ S 4333100 E ⊕ S 4422200 E. Twisting by O Σ (−7) and adding ρ = (6, 5, 4, 3, 2, 1, 0) we get the weights (3, 2, 1, 0, −2, −3, −8), (4, 3, 1, −2, −3, −4, −6), (4, 2, 1, −1, −2, −4, −7)), (4, 3, 0, −1, −2, −5, −6).
The first three have pairs of opposite entries, which implies that the corresponding bundles are acyclic. This is not the case of the last sequence, whose absolute values form a consecutive sequence starting from zero. As in the previous case, this implies the claim. 0 . The claim to be checked is that H 14 (Σ, Ω 2 Σ (−9)) = C. The root system, and the Weyl group W of E 6 being rather complicated, we will use a different strategy than in the other case. If λ = −3ω 1 + ω 4 denotes the highest weight of Ω 2 Σ , what we need to check is that µ = λ − 9ω 1 + ρ belongs to the W -orbit of ρ. Recall that ρ, the half sum of the positive roots, is also the sum of the fundamental weights. We can thus write ρ = 1 , where B stands for eleven (and A will stand for ten, below). Now we can let W act through the simple reflections s i associated to the simple root α i . The recipe for the action of s i on a weight ω, written in the basis of fundamental weights, is as follows: add the i-th coordinate to the j-th if j is connected to i in the Dynkin diagram; then change the ith coordinate into its opposite. Here we start with a weight having a negative coordinate. Applying successively simple reflections corresponding to nodes with negative coordinates, we will end up with a dominant weight. Starting from µ, the game goes as follows.
